For a given spectrum {λn} of the Laplace operator on a Riemannian manifold, in this paper, we present a relation between the counting function N (λ), the number of eigenvalues (with multiplicity) smaller than λ, and the heat kernel K (t), defined by K (t) = P n e −λnt .
The relation between the spectrum of the Laplace operator on a Riemannian manifold and the geometry of this Riemannian manifold is an important subject [1, 2, 3, 4] , and the problem of spectral asymptotics is one of the central problems in the theory of partial differential operators [5] . For a given spectrum {λ n } of the Laplace operator on a Riemannian manifold, one can in principle obtain the counting function N (λ), defined to be N (λ) = the number of eigenvalues (with multiplicity) of the Laplace operator smaller than λ, (1) and the heat kernel, defined to be
Theorem 1
Proof. The generalized Abel partial summation formula reads [7] u1<λn≤u2
where
numbers, and B (u) = λn≤u b (n). We apply the generalized Abel partial summation formula, Eq. (4), with f (u) = e −u(s−s0) and b (n) = a n e −λns0 , where s, s 0 ∈ C. Then
Setting a n = 1 in Eq. (6), we find
the counting function, and
the heat kernel. By Eq. (6), we also have A (0, t) = 0. Then, by Eq. (5), we have
This is just Eq. (3).
Furthermore we can also obtain the following theorem.
Theorem 2
Proof. By the Perron formula [8] , we have µn<x a n = 1 2πi c+i∞ c−i∞
and c is a constant which is greater than the abscissa of absolute convergence of the Dirichlet series f (s). Setting a n = 1 and µ n = e λn in Eq. (10), we obtain the heat kernel,
The abscissa of absolute convergence of f (t) equals its abscissa of convergence, equaling lim n→∞ ln n/λ n = lim n→∞ ln n/λ n . Thus, by Eq. (9), we have
and c > lim n→∞ ln n/λ n . This proves the theorem.
The above two theorems give the relation between the counting function N (λ) and the heat kernel K (t).
One of the reasons why the counting function N (λ) = λn<λ 1 is very difficult to calculate is that one often encounters some unsolved problems in number theory when calculating N (λ). For example, when calculating the counting function for the spectrum of the Laplace operator on a tori, one encounters the Gauss circle problem in number theory [2] . In the following we will give an asymptotic formula for N (λ).
Theorem 3
Proof. Observing that In some cases the counting function approximately equals the heat kernel.
Theorem 5 Let ρ (λ) be the number of eigenstates per unit interval (the density of eigenstates).
In the limit λ → ∞ or t → 0,
when ρ (λ) is a constant.
Proof. In the limit λ → ∞ or t → 0, the summations can be converted into integrals:
If ρ (λ) = C, where C is a constant, then
This proves the theorem.
This is just the case that Weyl [9] , Pleijel [10] , and Kac [6] 
